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Setting

Let Q be an open, bounded, and connected set in R".
We define the eigenvalues (\j(€2));>1 of the Dirichlet Laplacian (counted with
multiplicies) by

7AUJ' = /\J(Q) uj in Q,

uy € Hy(Q)

for some normalized eigefunction u;: [, |uj|® dx = 1.
To avoid any regularity assumption for €2, they can be defined using the
min-max formula.

General question: how do the eigenvalues change when the domain Q is varied?

Regular perturbation theory (Hadamard’s formula): if 9Q is of class C?, V is a
bounded vector field fo class C* , Q; := (Id + tV)(Q) for small t, and \(Q) is

a simple eigenvalue then
8uk 2
v = [ (20w,
‘ t=0 aa \ OV

dt




Singular perturbations: examples

The Crushed Ice Problem (J. Rauch and M. Taylor, 1974):

Let us define the sequence of domains (Q,),>1 such that Q, is Q C R? (open,
connected, and bounded) with p balls of radius r, > 0 removed. Let us assume
that pr, — 0. Then X\;j(Q,) — A\;(Q) for all j > 1.

They actually treat Q C R” (n > 2) and prove a stronger result (convergence
of the resolvent). However, no information on the rate of convergence.

Domain with a small hole (S. Ozawa,1981):

Let us define Q. = Q\ B(xo, ) for xo a fixed point in Q C R” and & > 0 small
enough. Assume that \¢(Q) is a simple eigenvalue, and that wu is an
associated normalized eigenfunction. Then, if n = 2,

27 2 ;
A(Qe) = (@) + ooy o)+ 0 <'°g(f)2> ’

and, if n =3,
2 3
An(Q2e) = An(Q) + dreun(x0)” + O (52> .

The proof uses an asymptotic expansion of the Green function. If uy(x) =0,
we don’t get the leading order term.



Classical capacity

If K C Q2 CR"is acompact set, we fix nx € CZ°(Q2) withnx =1 in a
neighborhood of K. To characterize small sets for the perturbation of Dirichlet
eigenvalues, we define

Capg(K) = inf{/ |VF[Pdx: fe Hy(RQ) and f —nk € Hy(Q\ K)} .
Q
The infimum is reached by the capacitary potential Vk € H3(Q) so that
Capg(K) = / |V Vi|? dx.
Q

If K is regular (closure of an open and smooth set), Vi is the unique solution
of the Dirichlet problem

AVk =0, inQ\K,

Vk =0, ondQ,
Vk =1, on K.



Case of a manifold

If X is a compact Riemannian manifold without boundary, we consider the
eigenvalues of the Laplace-Beltrami operator. For K C X a compact set, we
define

Capy(K) = inf{/ |VF?dx: feH(X), / fdx=0, and f — 1€ H&(X\K)}.
X X

Theorem (G. Courtois, 1995)

Let A := M(X) = ... = Mgm—1(X) be a eigenvalue of —Ax of multiplicity m.
There exists a function r: R — RT with lim;—0 r(t) = 0 and a positive
constant e such that, for any compact set K of X, if Capy(K) < e, then

s (X \ K) = M (X) = Capy (K) - ke (k)| < Capx(K) - r(Capx(K))

for 0 <j < m—1, where ux is a probability measure supported on K and
(uky .-, Uk+m—1) is an orthonormal basis of the eigenspace of A which
diagonalizes the quadratic form u + pa(u?) according to the increasing order
of its eigenvalues.



From now on, we consider the planar case (n = 2).

Let xo € Q C R?, v € H}(Q) and (K:)e>0 be a family of compact and
connected sets contained in Q. We write Q. := Q\ K-.

We say that (K:). concentrates to xp if

max |y — x| — 0 as e — 0.
yeKe

This implies in particular that diam (K.) — 0 as ¢ — 0%,
Let us assume that A«(f2) is simple, and let ux be a normalized associated
eigenfunction.

Theorem
If ux(x0) # 0 and (K.). concentrates to xo, then

21

= 2 +
liog (diam (K.))] ug(0)* ase — 0",

M (826) — Ae(2)

This is essentially a particular case of the result by G. Courtois, in a slightly
different situation, combined with an explicit estimate of the capacity.

This generalizes one of the results by Ozawa, since it allows holes of irregular
shape, whose shape changes with ¢.



We now consider the case where ux(x0) = 0. Since uk is a Laplacian
eigenfunction, there exist an integer m > 1, « € [0,7) and C # 0 such that

uk ((x0)1 + r cosb, (xo0)2 + rsinf) = Cr" sin(a — mb) + O (r"’“) .

Theorem
If Ko = B(xo,¢€), then

M () = M(Q) ~2mr C*® as e — 07
In particular, let us assume that xo is a regular point in the nodal set of w, i.e.
that ux(x0) = 0 and Vuk(xo) # 0. The theorem tells us that
M () = M(Q) ~ 27 [Vuk(x0)|* €® as e — 07
Theorem

If K. is the segment s, = [—¢,¢] x {0} and if a # 0 (that is to say if the
segment is not tangent to a nodal line at xg) then

M (Q2) = M(Q) ~ 7 C? Gy sin(a)?e®™ as e — 0T,

where C,, is a positive constant depending only on m and known explicitly.

In particular, if xo is a regular point in the nodal set of w,

M (Q22) = M(Q) ~ 7 [Vu(x0)[* (sina)’e® as e — 07
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u-capacity
For any u € H3(Q), we define

Capg(K, u) = inf {/ |VF[?: feHy(Q) and f —ue Hy(Q\ K)} :
Q

This can be extended to u € H'(Q) by setting Capq (K, u) := Capq(K,nxu),
where nx € C2°(2) with nx =1 in a neighborhood of K. Then

Capq(K) = Capg(K, 1).

This quantity was introduced by G. Courtois (1995) to obtain asymptotic
expansions. It is called the Dirichlet capacity when v = u; and can be used to
obtain spectral stability results (J. Bertrand and B. Colbois, 2005).

The minimizer is called the capacitary potential Vi ,. In the case where K is
regular, Vi ., solves the Dirichlet problem

AVk,=0 inQ\K;
Vku=0 on 09;
Vku=u on K.

The following monotonicity properties follow from the definition:
> if Ki C Ko C Q, Capg(Ki, u) < Capg(Kz, u);
> if K C Q1 C D, Capg, (K, u) < Capg, (K, u).



Compact set concentrating to a point

We still assume that (K:)c>o is a family of compact sets in Q.
Proposition

Let u € H(Q). For € > 0, Vi, , is the capacitary potential associated with
Capg (K:, u). If (K:)e>0 concentrates to xo,

Vil = 0 (capQ (K-, u)%) ase 0"

Proof.
Assume by contradiction that this is not the case. Then there exist some
constant C and a sequence €, — 0 such that

/ A c/ V2
Q Q

We set W, := V., /||Ve,||. The sequence (W,) is bounded in H}(2). Up to
subsequences, it converges weakly in Hg(Q2) and strongly in L*(£2) to some
Wao € Hg(Q). We can check that Wa is harmonic in Q\ {xo} and therefore in
Q. The maximum principle implies that W, = 0, contradicting

[Well = 1. O



Spectral estimate

Theorem
Let (K:)e>0 be a family of compact sets in Q concentrating to xo € 2. Let us

assume that A«(2) is simple, and let ux be a normalized associated eigenvalue.
We write Q. := Q\ K.. Then

)\k (Qg) — )\k(Q) ~ CapQ (Ke, uk) as € — 0+.
Let us prove the theorem. We write A := A((Q), u = uk, A(g) := A (),

c(e) == Capgq (K-, uk), Ve :== Vk.,y, and v. == u— V..
We have

(A —Ave=(-A-N)(u—V.)=AVe =0 (c(s)%) .

By continuity, A(¢) is simple for £ > 0 small enough. As a consequence of the
spectral theorem,

M) = A = o (c(e)%)

Let us denote by u. the orthogonal projection of u on the eigenspace E(A(g)).

We also have .
lu = ull = o (c(e)?) .



We have
C(€) = / ‘VVE‘2 = / VVE -Vu= 7/ VEAU = )\<\/57 u>.
Q Q Q
On the one hand
(A = N Ve, te) = (ve, (A = N ue) = (A(€) = A){ve, ue).
On the other hand,

(A = N ve, ue) = M Ve, ue) = M Ve, u) + M Ve, ue — u),

so that
((=A = N Ve, ue) = M Ve, u) + o(c(e)).
Finally,
02— Eolel),

which gives the desired result.
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u-capacity estimate

Theorem
Let u € H5(Q) N C*(Q) and let (K:). ., be a family of compact and connected
sets concentrating to a point xop € Q. Assume u(xp) # 0. Then

2w

Capg (st u) ~ m

u(x)’ ase — 07",

Proposition
Under the hypotheses of the theorem

Capg (K-, u) ~ u(x0)*Capq (K:) ase — 0",
Proof.
Let us denote by V,, and V the potentials associated with Capg (K-, u) and

Capg (K:) respectively. Assuming OK. regular enough, we find after some
computation

CapQ(KE,u):/ u2(9VVf/VVuAuf2/VuVV-VU.
Qe Q Q

Furthermore, Capg, (K. fBQ 0vV, and 0,V > 0 according to Hopf's
Lemma. ]



Proposition
If (Ke). is a family of compact and connected sets concentrating to xo € €,

then
2

- +
llog (diam (K.))] ¢ 0

Capq (KS)

To obtain an upper bound, let us chose x. € K. for each € > 0, and let us fix
R > 0 such that B(x., R) C € for all ¢ > 0 small enough. Let us write

d. := diam (K:).

We have K. C B(xe,d:) C B(xe, R) C Q. According the the monotonicity
properties for the capacity,

Capg (K:) < Capgy_ r) (B(xe, d:)) = Capgo gy (B(0, d-)) -
The potential for the capacity on the right is
log ('%)

0= og ()

Q

2|

and therefore

21 2w
Cappgo gy (B(0,d:)) = o

g (%) llog(dq)|

ase — 0.



The lower bound is harder to obtain. Let us begin by computing the capacity
of a segment in an ellipse.
For D, > 0, we define the interior of the ellipse of semi-axes v/ D? + §2 and D:

X2 2
5(D,5):{(X1,X2)ER D2+52+*<1}

Let us note ss := [—6,0] x {0}. The elliptic coordinates

{Xl = dcosh(€) cos(n);
X2 dsinh(&) sin(n);

map conformaly the rectangle (0,£(D,d)) x [0,27) to £(D,d) \ ss., where

)
D,$) := inh | = ).
&(D,d) := argsin (D)
In the elliptic coordinates, the potential is

_ 3
V(fﬂi) =1- m7

and therefore we obtain

21 s\t 2
Cap s.) = ——— = 2w argsinh (—) ~—"" as § — 0" with D fixed.
=09 () = g(5,5) & \D) " Tog(d)



For € > 0, there exist x. and y. such that |y. — x.| = diam (K:). Let us note
Se = [Xe, Ye], 0 = %diam (K:) and L. the line containing the segment s..

Let us fix D > 0 large enough so that, for all ¢ > 0, Q C &, where & is the
ellipse of foci x. and y., major semi-axis /D? + 62 and minor semi-axis D. By
monotonicity of the capacity,

Capg_ (K:) < Capg (K:).
On the other hand,
Capg_ (s:) < Capg_ (Ke).

Indeed, let us denote by K the Steiner symmetrization of K. with respect to
the line L.. It leaves &, invariant, s C K by connectedness of K., and

CaPSE (Ka*) < Cang (Ke).

The claim follows by monotonicity.

We finally obtain
27

llog (4:)]
which gives the correct lower bound.

(1+0(1))) < Capg (K:),
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To simplify notation, let us assume that xo = 0.
Let m > 1 be an integer. If u € C™(Q) and 0 is a zero of order m of u, then

u(x) = Pm(x) + h(x),

where P, is a homogeneous polynomial of degree m, h € C™(Q),
h(x) =0 (|x|’"+l), and |[Vh(x)| = O(|x|™) as |x| — 0.

Lemma

Let h be a function satisfying the above hypotheses and let (K:):>0 be a family
of compact sets such that there exists 9 > 0 and C such that

maxyck, |y| < Ce for € € (0,20). Then

Capg (K-, h) = O (52"“) .

Proposition
Let u and (K:)e>o satisfy the hypotheses above, and let us assume that there
existe a positive constant « such that

Capg (Ke, Pm) ~ ae®™ as e — 0"

Then
Capg (K-, u) ~ ag’™ ase — 07,



Small disks
We set K. = B. = B(0,¢). We choose 0 < Ry < R> such that
B(0,R1) C Q C B(0, R,) for € > 0 small enough. Then

CapB(o,RQ) (B, Pm) < Capg (B:, Pm) < CapB(O,Rl) (B, Pr).

To compute Capgq ) (B:, Pm) for R > ¢ >0, we write

Pm(cos 0, sin0) 50 + Z aj cos jO + b sin jO).

j=1
We solve a Dirichlet problem for each term of the sum and find
Capgo ) (B:, Pm) ~ 7 D(Pn)e®™ as e — 0", R fixed,
where
2 m 2
_ maj (m+j) 2 2\ 2
DPn) = T+ 3 ()
If uis a Laplacian eigenfunction, the homogeneous polynomial Py, is harmonic,
so that there exist C # 0 and « € [0, 7) such that
P(r cos,r sin@) = r™ sin(a — mo).

Therefore ag = a1 = by = -+ = am—1 = bm—1 = 0, a% + b2 = C? and
D(P,) =2m C>.



Small segments

We set K. = s. = [—¢,¢] x {0}. We chose 0 < L; < L such that
E(e, L) C Q C &(e, L2) for £ > 0 small enough. Then

Capg(. 1,) (e, Pm) < Capg (s:, Pm) < Capg(. 1,) (se, Pm) -

To compute Capg . 1y (s, Pm) for L, € > 0, we write
Po(x1,x2) = 370 64" 7%
In elliptic coordinates, for £ = 0, Pp(e cosn,0) = cpe™ (cosn)™. We write

(cosn)™ Z Aj cosjn.

By solving the Dirichlet problem in elliptic coordinates for each term, we find
Capg. 1) (e, Pm) ~ ™ Cm 2 a5 e — 0",
with

Cm = zm:jAf.
Jj=1

If Pm(cosf,sin@) = Csin(a — mf), then cg = Csin(«), and therefore

Capg(. 1) (Se; Pm) ~ m Cmy C?(sina)’e® as e — 07,



Open problems

» Can we remove the symmetry hypothesis for the Aharonov-Bohm problem?
Can we find a capacity adapted to the Aharonov-Bohm operator?

» Can we treat multiple eigenvalues (in both problems)? We should show
convergence to a finite dimensional problem, but what should it look like?

» Can we go to a higher order? In the punctured domain problem, when we
make the hole on the nodal set, we probably do not have an expansion in
power of the capacity. Where does it break down?
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